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A new scheme of state classification, which goes beyond the commonly-used j j coupling
for the charmed and bottom baryons, is proposed and applied to analyze masses of the
excited Ωc and Ωb systems. The results favors all excited Ωc,b baryons reported by LHCb to
be bound states of a P-wave ss-diquark and a respective heavy(charmed and bottom) quark,
with increasing spin-parity JP monotonically with their masses. We predict one excited Ωb
state with JP = 5/2− unseen by LHCb around 6352 MeV, waiting the future experiments to
find it.
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I. INTRODUCTION
Scientific interest as to the spectrum of strongly interacting heavy hadrons has rised again in
last two decades greatly due to the discovery of numerous heavy subatomic particles [1]. In 2017,
the LHCb Collaboration made an important progress in observation of five narrow Ωc resonances
[2](Table I) in the Ξ+c K
− decay channel based on pp collision data. Recently, four narrow Ωb
resonances[3] were observed for the first time by the same Collaboration around 6.3 GeV in the
Ξ
0
b
K− decay. The peaks of these excited Ωc states are seen with high significance while only two
highers of the four observed Ωb peaks have been seen with the significance exceeding 5σ. The
reported masses and decay widths are listed in Table I.
Observed patterns of masses of the excitedΩc,b baryons turn out to be perplex and rise naturally
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2questions as to (i) why there are four excited states of theΩb baryons while there are five for theΩc,
and (ii) what their spin-parities or their inner structures are. These questions have been addressed
by many authors [4–16] with recent explorations given in Refs [17–33], where spin-parity predic-
tions were made around 3.0 ± 0.1 GeV for the Ωc states and around 6.3 ± 0.2 GeV for the excited
Ωb states. Regarding the reported Ωc resonances, different interpretations were suggested, which
include the P-wave assignment [13, 17–21], the P-wave and S/D-wave assignment [15, 24, 26],
the charmed exotic systems [27–31]. To date, more efforts are required to answer the above two
questions regarding these newly observed Ωc,b baryons.
For charmed baryons, spectroscopy is known to be intricate, with many excited states expected
[4–8, 12, 14, 15]. The common practice to understand them is to utilize the heavy quark symme-
try(HQS) [34], which becomes exact in the limit of heavy quark mQ → ∞. Assuming HQS by
which spin SQ of heavy quark Q is conserved, one can classify heavy hadrons by their total spin
J and the angular momentum j = J − SQ of light degrees of freedom(named j j coupling). This is
analogous to the hydrogen-like atoms whose quantum state is well labeled by quantum numbers of
outermost electron. While this picture works successfully in describing the normal charmed and
bottom baryons [5–7] with strangeness |S | < 2, its applicability to the Ωc,b baryons remains to be
explored.
In this work, we take into account finite mass effects of heavy(charm and bottom) quark which
may matter in the css and bss baryon systems by proposing a new scheme of state classification
(named the Jls mixing coupling) which goes beyond the j j coupling valid in principle only in
the heavy quark limit. A mass analysis is carried out for the newly LHCb-reported resonances
of the excited Ωc and Ωb’s and inner structures of them are suggested using the scheme of the
Jls coupling. The results favor to accommodate both of the excited Ωc,b resonances to be P-
wave excitations of the ss diquark with respect to the heavy charm and bottom quark(c and b),
with prefered spin-parity assigned. Further, we predict one excited Ωb state with J
P
= 5/2− at
about 6352 MeV, which was unseen in the LHCb experiment and waited to find it in the future
experimental search.
We give the mass analysis in details for the excited Ωc baryons in Sec. II, where prefered spin-
parity are assigned for them. We examine other plausible spin-parity arrangements in Sec. III.
Similar mass analysis is given for excitedΩb baryons in Sect. IV. We end with conclusions in Sec.
VI.
II. INNER STRUCTURES OF THE c(ss) SYSTEMS
In heavy quark-diquark picture, two strange quarks in a c(ss) system forms a S-wave anti-
colortriplet(3¯c) diquark (ss), with spin one(S ss = 1) due to the spatial symmetry under exchange
of two fermions. The diquark spin(= 1) can couple with spin S c = 1/2 of the charm quark c to
form a total spin S = 1±1/2 = 1/2, 3/2. Let us consider the relative P-wave excitations of diquark
ss with respect to the charm quark c(the relative orbital angular momentum L = 1). Coupling of
L = 1 with the spin S = 1/2 gives states with total spin J = 1/2, 3/2, while coupling with S = 3/2
3TABLE I: Masses and widths of the excited Ωc = css and Ωb = bss resonances reported by the LHCb
Collaboration [2, 3], with the proposed values of spin-parity JP in this work shown also.
State Mass (MeV) Width (MeV) JP Proposed
Ωc(3000)
0 3000.4 ± 0.2 ± 0.1 4.5 ± 0.6 ± 0.3 1/2−
Ωc(3050)
0 3050.2 ± 0.1 ± 0.1 0.8 ± 0.2 ± 0.1aa 1/2−
Ωc(3066)
0 3065.6 ± 0.1 ± 0.3 3.5 ± 0.4 ± 0.2 3/2−
Ωc(3090)
0 3090.2 ± 0.3 ± 0.5 8.7 ± 1.0 ± 0.8 3/2−
Ωc(3119)
0 3119.1 ± 0.3 ± 0.9 1.1 ± 0.8 ± 0.4b 5/2−
Ωb(6316)
− 6315.64 ± 0.31 ± 0.07±0.5 < 2.8, 1/2−
Ωb(6330)
− 6330.30 ± 0.28 ± 0.07±0.5 < 3.1, 1/2−
Ωb(6340)
− 6339.71 ± 0.26 ± 0.05±0.5 < 1.5 3/2−
Ωb(6350)
− 6349.88 ± 0.35 ± 0.05±0.5 1.4+0.1−0.8 ± 1.0 3/2−
a In total, it is < 1.2 MeV, 95% C.L. bIt is < 1.2 MeV, 95% C.L totally.
leads to states with J = 1/2, 3/2 and 5/2. They are written as(
1
2
)
S
⊗ 1L = 1
2
⊕ 3
2
,(
3
2
)
S
⊗ 1L =
1
2
′
⊕ 3
2
′
⊕ 5
2
, (1)
where the notations ⊗ and ⊕ stand for the coupling(adding of the angular momentum in the stan-
dard terminology) and the juxtaposition of the angular momentum shown. In total, one has five
P-wave states with J = 1/2, 3/2, 1/2
′
, 3/2′ and 5/2 with negative parity P = −1 which implies
5! = 120 a priori possible assignments for their JP quantum numbers.
For most heavy baryons with less strangeness, the j j coupling has been commonly used to
classify their states in terms of hadron eigenstate |J, j〉, with J the eigenvalues of J and j of j
respectively. In the case of doubly strange Qss baryons with the ss diquark comparable with
the heavy quark Q(especially in the charm quark c) in mass, the finite mass effect of the heavy
quark may become important and to go beyond the j j coupling to take into account the finite mass
correction to the HQS, may be more applicable, as addressed in this work.
For this, we propose a new scheme of state classification(named the Jls mixing coupling) in
which the eigenfunctions (bases) of spin multiplets of the Q(ss) system(Q = c, b) diagonalize
all spin-orbit interactions between the heavy quark Q and the diquark ss. The spin-dependent
interaction for the Q(ss) systems, in the heavy quark-diquark picture, is [5, 35]
HS D = a1L · Sss + a2L · SQ + bS 12 + cSss · SQ, (2)
S 12 = 3Sss · rˆSQ · rˆ − Sss · SQ,
where the first two terms are spin-orbit interactions, the third is the tensor energy, and the last the
contact interaction between the heavy quark spin SQ and the diquark spin Sss. Here, L is the orbital
angular momentum of the system.
4If Q is very heavy, the first spin-orbit term L · Sss should dominate over the others in Eq.(2) if
one assumes spin-dependent interactions enter the color hyperfine interactions through the mag-
netic moment eQSi/mi of the quark i = Q or ss with mass mi, by analogy with the spin-relevant
relativistic correction of the heavy quarkonium [36]. As such, the heavy quark spin SQ decou-
ples with the light degree of freedom and is conserved in the heavy quark limit, making the basis
eigenfunctions of L·Sss(the j j coupling) appropriate to classify the baryon states. Here, the baryon
spin J and the diquark angular momentum j = J − SQ are both conserved, enabling baryon states
labelled by the j j coupling states |J, j〉. In the case of the c(ss) or b(ss) baryons, the diquark mass
mss(about 1 GeV) is comparable to MQ (about 1.5 GeV) so that the terms like a2L · SQ in Eq. (2)
become important. Taking a1 = a2, for instance, the spin-orbit interaction becomes proportional
to L · [Sss + SQ] = L · S and diagonal in the LS coupling, in which SQ couples Sss to form the total
quark spin S = Sss + SQ first and then to L of the quark-diquark system for form J, as shown in
(1).
In the Jls mixing coupling, the bases |J, jLS = j′〉 diagonalize the interaction a1L · Sss + a2L ·
SQ + bS 12, instead of L · Sss solely, in Eq.(2). The Jls scheme reduces to the j j coupling when the
ratio ǫ = a2/a1(expected to scale as mss/MQ) tends to zoro in the heavy quark limit,
L · [Sss + ǫSQ] + bS 12 ≃ L · Sss, as MQ →∞, (3)
where b is expected to be suppressed by 1/MQ [35, 37]. Finding the Jls mixing eigenstates |J, jLS =
j′〉 can be done by solving the linear eigenstate equation of 2 × 2 matrices ∆MJ of the mass shift
interaction (2) in the spin subspace of J = 1/2 and J = 3/2 [35, 37](see Ref. [38] also). In terms
of the LS bases 2S+1PJ = {2P1/2,4 P1/2,2 P3/2,4 P3/2,4 P5/2}, the matrix forms of these mass shift
interactions are(see appendix A of Ref. [17])
∆MJ=1/2 =

1
3
(a2 − 4a1)
√
2
3
(a2 − a1) + b√
2√
2
3
(a2 − a1) + b√
2
−5
3
(a1 +
1
2
a2) − b

+
[ −c 0
0 1
2
c
]
, (4)
∆MJ=3/2 =

2
3
a1 − 16a2
√
5
3
(a2 − a1) − b
2
√
5√
5
3
(a2 − a1) − b
2
√
5
−1
3
(2a1 + a2) +
4b
5

+
[ −c 0
0 1
2
c
]
, (5)
∆MJ=5/2 = a1 +
1
2
a2 −
b
5
+
c
2
. (6)
Given JP assignment of the five Ωc states(two states of J
P
= 1/2−, two of JP = 3/2−, and one
of JP = 5/2−) there should, in principle, exist one unique solution for the four parameters a1, a2, b
and c. As we shall find below, there is one solution in which all states are P-waves with reasonable
values of parameters and the mass pattern as reported by LHCb for the excited Ωc states in Table
I, where our prefered JP assignments are shown.
5Diagonalizing the mass shift operator L ·Sss+ǫL ·SQ +b1S 12, with b1 ≡ b/a1, one can compute
the mass shift ∆M, the eigenvalues of Eqs. (4)-(6), by treating the tantact term cSss · SQ as a
perturbation(c1 = c/a1 is expected to be small for the relative 1P-wave between diquark and Q).
The lowest order perturbation theory gives(see appendix A)
∆M(J = 1/2, 0′) = −a1
4
(
6 +
√
∆1(ǫ, b/a1) + ǫ
)
− b
2
+ c∆+3 (ǫ, b/a1),
∆M(J = 1/2, 1′) = −a1
4
(
6 −
√
∆1(ǫ, b/a1) + ǫ
)
− b
2
+ c∆−3 (ǫ, b/a1),
∆M(J = 3/2, 1′) = −a1
( √
∆2(ǫ, b/a1) +
ǫ
4
)
+
2b
5
+ c∆+4 (ǫ, b/a1),
∆M(J = 3/2, 2′) = a1
(√
∆2(ǫ, b/a1) − ǫ
4
)
+
2b
5
+ c∆−4 (ǫ, b/a1),
∆M(J = 5/2, 2′) = a1
(
1 +
ǫ
2
)
− b
5
+
c
2
, (7)
where six functions ∆1,2(ǫ, x),∆
±
3 (ǫ, x) and ∆
±
4 (ǫ, x) are defined by
∆1(ǫ, x) = 4 + 12x
2
+ 4x (5ǫ − 2) − 4ǫ + 9ǫ2,
∆2(ǫ, x) = 1 +
1
5
x2 − x
5
(1 + 2ǫ) − ǫ + 9
16
ǫ2.
(8)
∆
+
3
(ǫ, x) =
4−(2+6x+7ǫ−3√∆1(ǫ,x))2/(2ǫ−2+3x)2
8+(2+6x+7ǫ−3√∆1(ǫ,x))2/(2ǫ−2+3x)2 ,
∆
−
3
(ǫ, x) = ∆+
3
(√
∆1 → −
√
∆1
)
.
(9)
∆
+
4 (ǫ, x) =
10−(40−24x+5ǫ+60 √∆2(ǫ,x))2/(10−10ǫ+3x)2
20+(40−24x+5ǫ+60 √∆2(ǫ,x))2/(10−10ǫ+3x)2 ,
∆
−
4 (ǫ, x) = ∆
+
4
(√
∆2 → −
√
∆2
)
,
(10)
with ∆−3,4(ǫ, x) obtained from ∆
+
3,4(ǫ, x) by merely replacing
√
∆1,2 → −
√
∆1,2. This expresses the
mass shifts in terms of four parameters (a1, a2, b, c). Expanding Eqs. (7) to the linear order of
ǫ, b1 and c1, it reduces to the mass shift in Ref. [17] in j j coupling. The spin-weighted sum of
these mass shifts in Eqs. (4)-(6) vanishes:
∑
J TrJ(∆MJ)(2J + 1) = 0, and the same holds for
the eigenvalues ∆M(J, j′) in Eqs. (7). Note that the sums of eigenvalues of ∆M1/2 and ∆M3/2 are
equal to the traces of the respective matrices in Eqs. (7).
Adding spin-independent mass M¯, which equals to the spin-averaged mass of the five excited
css systems, the baryon mass becomes M(J, jLS = j
′) = M¯ + ∆M(J, j′), with ∆M(J, j′) given by
Eqs. (7). Confronting M(J, jLS = j
′) with the observed masses in Table I leads to the values of a1,
a2(= ǫa1), b(= a1b1) and c(= a1c1), with the help of the following criteria:
(i) The parameter a1 should be positive but smaller than 119MeV= M(Ωc, 3119)−M(Ωc, 3000).
(ii) The parameter a2 is of same order with a1 but no more than a1 roughly as a2/a1 = ǫ scales
as mss/Mc.
(iii) The parameter b should be smaller than a1 and a2 as b scales like 1/(mssMc). The parameter
c should be smallest, less than b as it scales as P-wave wave function near the origin.
We carry out mass analysis for all 5! = 120 a priori possible assignments of P-wave Ωc states
and list the prefered assignment in Table I, corresponding to the mean mass and the parameters
[17]
M¯ = 3079.94MeV, (11)
6{a1, a2, b, c} = {26.96, 25.76, 13.51, 4.04}(MeV), (12)
with ǫ = 0.96, b1 = 0.50, c1 = 0.15. The inner structure of the five exicted Ωc baryons with our
prefered assignments are
State |J, jLS 〉 :
M(Ωc, 1P) :
Main comp.:
| 1
2
, 0′〉 | 1
2
, 1′〉 | 3
2
, 1′〉 | 3
2
, 2′〉 | 5
2
, 2′〉
3000.4 3050.2 3065.6 3090.2 3119.1
4P1/2(97%)
2P1/2(97%)
4P3/2(98%)
2P3/2(98%)
4P5/2
 , (13)
where the third line give the main component in terms of the normal LS coupling (2S+1PJ , see
below). One sees that the mass degeneration within the J = 1/2 and J = 3/2 multiplets removed
by the flip of the charm quark spin Sc. Within a multiplet, the lower state consists mainly of
S = 3/2 configuration c↑(s↑s↑), while the higher consists mainly of that with Sc flipped, c↓(s↑s↑)
with S = 1/2.
When expressed in terms of the LS eigenstates |2S+1PJ〉, with 1/2 ≤ J ≤ 5/2 and S = 0, 1, the
Jls states in Eq. (13) become (see Appendix B),
|J = 1/2, j′ = 0′〉 = −0.164|2P1/2〉 + 0.986|4P1/2〉, at 3000
|J = 1/2, j′ = 1′〉 = 0.986|2P1/2〉 + 0.164|4P1/2〉, at 3050
|J = 3/2, j′ = 1′〉 = 0.129|2P3/2〉 + 0.992|4P3/2〉, at 3066
|J = 3/2, j′ = 2′〉 = −0.992|2P3/2〉 + 0.129|4P3/2〉, at 3090
|J = 5/2, j′ = 2′〉 = |4P5/2〉, at 3119, (14)
mixing between the states with J = 1/2 and 3/2. They are dominately
|4P1/2〉, |2P1/2〉, |4P3/2〉, |2P3/2〉 and |4P5/2〉 with the monatomically increasing mass, respec-
tively, as shown in Eq. (13). This is in contrast with the normal state classification of heavy
baryon systems via the j j coupling(see [35], for instance),
|J = 1/2, j = 0〉 =
√
1
3
|12P1/2〉 +
√
2
3
|14P1/2〉,
|J = 1/2, j = 1〉 =
√
2
3
|12P1/2〉 −
√
1
3
|14P1/2〉,
|J = 3/2, j = 1〉 =
√
1
6
|12P3/2〉 +
√
5
6
|14P3/2〉,
|J = 3/2, j = 2〉 =
√
5
6
|12P3/2〉 −
√
1
6
|14P3/2〉, (15)
with significantly different mixing weights.
It is of interest to express the mixing states (14) in terms of the j j bases, giving(see Appendix
B) ∣∣∣∣∣J = 12 , j′ = 0′
〉
= 0.711
∣∣∣∣∣12 , j = 0
〉
+ 0.703
∣∣∣∣∣12 , j = 1
〉
,∣∣∣∣∣J = 12 , j′ = 1′
〉
= −0.703
∣∣∣∣∣12 , j = 0
〉
+ 0.711
∣∣∣∣∣12 , j = 1
〉
,
7∣∣∣∣∣J = 32 , j′ = 1′
〉
= 0.958
∣∣∣∣∣32 , j = 1
〉
+ 0.286
∣∣∣∣∣32 , j = 2
〉
,∣∣∣∣∣J = 32 , j′ = 2′
〉
= −0.286
∣∣∣∣∣32 , j = 1
〉
+ 0.958
∣∣∣∣∣32 , j = 2
〉
, (16)
which mix almost equally between the j j bases
∣∣∣ 1
2
, j = 0, 1
〉
and between the j j bases
∣∣∣3
2
, j = 1, 2
〉
.
Eq. (16) implies that the angular momentum j = J − Sc of the diquark in our mixing states, say
|J = 1/2, j′ = 0′〉, may be observed to take values either j = 0 or j = 1, with almost equal
probabilities(0.51 v.s. 0.49). For the J = 3/2 spin multiplets, |3/2, j′ = 1′〉 are mainly the j j
state |3/2, j = 1〉 (at 0.92), the mixing |3/2, j = 2〉 minorly with probabilities 0.08. Hence, the
J = 1/2 states do not conserve the angular momentum j = J − Sc of the diquark and thereby Sc.
This differs the css states from the nonstrange charmed baryons cnn′(n, n′ = u/d), all states of
which can be well classified by the j j eigenstates [5–7, 17, 35].
One alternative solution to assignment of the five Ωc = css states involves identification of
the five masses M(1/2, 0′), M(1/2, 1′), M(3/2, 1′), M(3/2, 2′), M(5/2, 2′) to be that at 3000, 3066,
3050, 3090 and 3119MeV, respectively. This gives rise to the parameters in Ref. [17]
{a1, a2, b, c} = {21.40, 40.75, 5.67, 0.44} (MeV), (17)
M¯ = 3078.23MeV, (18)
which corresponds to the following inner structure of the Ωc = css states in terms of the LS
eigenstates(see Appendix B),
|1/2, 0′〉 = −0.204|2P1/2〉 + 0.979|4P1/2〉, at 3000
|1/2, 1′〉 = 0.979|2P1/2〉 + 0.204|4P1/2〉, at 3066
|3/2, 1′〉 = −0.346|2P3/2〉 + 0.938|4P3/2〉, at 3050
|3/2, 2′〉 = 0.938|2P3/2〉 + 0.346|4P3/2〉, at 3090
|5/2, 2′〉 = |4P5/2〉, at 3119. (19)
While the relative values of a1, b and c in the setup (17) are reasonable the relative ratio (1 : 2)
between a1 and a2 is not in the sense of the criteria (ii). This disfavors the assignments (19).
Using Eq.(7) further, we performed systematic search for all remaining permutations among
all 5! possibilities and find no acceptable solution for considered permutations: the parameters
obtained either have negative (unacceptable) signs of a1 and a2 or unreasonable values in the light
of the criteria (i)-(iii).
A ”recovery” test is made by fitting four out of the five observed Ωc masses for two J
P assign-
ments (13) and (19), to see if the remaining measured mass absent in inputs is reproduced at the
site of given states(marked by square bracket). The ”recovery” test successes(masses recovered in
square bracket, shown in Table II) for all 2 ∗ 5 = 10 possibilities of choicing inputs. Compared to
assignment (19) the assignment (13) is favored by its better parameters in the light of the criteria
(ii).
8TABLE II: Mass and parameters for two JP assignments (13) and (19) of four LHCb-observed masses of
the excited Ωc systems. All 2 ∗ 5 = 10 possible choices of mass inputs out of the five measured masses
are considered. The predicted mass at presumably unseen state is marked in square bracket. All masses in
MeV.
State arrangement
|1
2
, 0′〉 |1
2
, 1′〉 |3
2
, 1′〉 |3
2
, 2′〉 |5
2
, 2′〉 a1 a2 b c a(GeV2) M¯(1P) M¯(2S )
[2995.0] 3050 3066 3090 3119 27.5 27.0 15.5 3.6 0.316 3079 3244
3000 [3049.0] 3066 3090 3119 27.2 25.2 13.7 4.4 0.316 3080 3244
3000 3050 [3068.2] 3090 3119 26.7 24.8 15.4 5.0 0.317 3081 3245
3000 3050 3066 [3095.4] 3119 28.2 23.1 14.4 2.3 0.317 3081 3246
3000 3050 3066 3090 [3115.6] 26.3 23.7 14.7 3.2 0.315 3079 3243
[3000.4] 3066 3050 3090 3119 21.4 40.8 5.7 0.44 0.314 3078 3242
3000 [3067.4] 3050 3090 3119 20.4 41.9 6.4 1.2 0.315 3078 3242
3000 3066 [3051.0] 3090 3119 21.4 40.4 6.1 0.52 0.315 3078 3242
3000 3066 3050 [3090.1] 3119 21.3 40.8 5.7 0.59 0.314 3078 3242
3000 3066 3050 3090 [3117.5] 21.4 39.7 5.7 -0.57 0.314 3078 3241
One can also use the mass scaling of the spin couplings, from Ds mesons to the css baryons to
explain the values (12) for our assignment. Using the scaling relation [35, 37], one finds
a1(css) = a1(cs¯)
(
ms
mss
)
= (89.4 MeV)
(
328
991
)
= 29.6 MeV, (20)
a2(css) =
a2(cs¯)
1 + mss/Mc
=
40.7 MeV
1 + 991/1440
= 24.1 MeV, (21)
which are close to the values (12), but away from that in (17). Here, a1,2(cs¯) are the parameters of
the spin-orbit interactions for the P-wave Ds = cs¯ mesons, with the respective values 89.4 MeV
and 40.7 MeV [35]. The masses(ms = 328MeV and Mc = 1440 MeV) of the strange quark s and
the charm quark are from Regge trajectory fit of the Ds mesons and the charmed baryons Σc/Ξ
′
c
[37] while the mass(mss = 991MeV) of the ss-diquark comes from the Regge trajectory fit of the
five excited Ωc states in Table I(cf. the discussion following (22) in Sect. III).
III. ALTERNATIVE POSSIBILITES EXAMINED
The possibility that must be checked is that not all of theΩc states in Table I are relative P-wave
excitations between ss diquark and the charmed quark [5, 23, 24, 39, 40]. For instance, two 2S
c(ss) candidates are predicted at masses 3088 MeV(JP = 1/2+) and 3123 MeV(JP = 3/2+) in
Ref. [5], not far from two higher masses(3090 and 3119 MeV) reported by LHCb. This leaves
possibility that some of the lower states may be that out of the five states of P-waves, with other P-
wave states unseen somehow, probably due to locating below the Ξ+c K
− threshold (≃ 2962 MeV),
9or invisible due to the near degeneracies [5]. To disentangle this possibility, we extend the mass
analysis in Table II by assuming one of the five measured masses of the Ωc states in Table I to
be that of 2S state and comparing it with mass estimation of the 2S state with the help of Regge
trajectory [41, 42]. The results suggest that all measured masses of the excitedΩc states are all too
low to be 2S state.
We use the mass formula (7) to perform mass analysis for all 5! permutations of the JP ar-
rangement with one presumably 2S state removed from five mass inputs. Apart from the 10
arrangements already given in Table II, we list, in Table III, the other candidate solutions with
the parameters that are not too far way from the criteria (i)-(iii), and the thereby predicted P-wave
mass(presumably unseen) enclosed in square bracket. Though some of arrangements recover ap-
proximately the observed masses absent in the inputs they are disfavored by the criteria (i)-(iii),
having unreasonable values of the parameters listed.
TABLE III: Parameters and spin-averaged masses (MeV) for the selected permutations of JP assignments
of the four states out of excited Ωc levels. Only the arrangements that leads to the parameters near to
reasonable values are listed among 5∗4! = 120 possible permutations of mass inputs considered, with mass
predicted at unseen level(marked by square bracket). The shown includes also the ensuing prediction for
the Regge slope a (see text ) and spin-averaged 2S-wave mass(in MeV) of the c(ss) system. mss = 991
MeV.
State arrangement
|1
2
, 0′〉 |1
2
, 1′〉 |3
2
, 1′〉 |3
2
, 2′〉 |5
2
, 2′〉 a1 a2 b c a( GeV2) M¯(1P) M¯(2S )
3000 [3052.3] 3066 3119 3090 23.0 -2.19 35.0 -3.43 0.313 3077.0 3240.3
3000 3066 3050 3119 [3093.9] 27.8 7.86 11.0 -23.9 0.312 3076.2 3239.3
3050 3066 3000 [3082.2] 3119 10.7 49.9 -36.2 10.6 0.307 3070.9 3231.7
3000 3090 3050 [3102.5] 3119 14.6 48.9 10.1 -3.20 0.320 3083.7 3249.9
3066 [3108.6] 3000 3119 3090 11.2 24.8 -49.1 -38.41 0.312 3076.0 3238.9
[3008.0] 3000 3050 3066 3119 32.3 14.2 5.77 28.9 0.302 3066.4 3225.2
3050 3066 3000 [3078.7] 3119 11.1 47.6 -38.8 12.7 0.306 3074.1 3230.6
The mass estimation of the Ωc systems in 2S wave is done utilizing an extension of Regge-like
relation for the spin-averaged mass M¯ of the charmed baryons [37, 43]
(M¯ − Mc)2 = πaL +
[
md + Mc
(
1 − m
2
barec
M2c
)]2
, (22)
in which a is the Regge slope, md is the light diquark mass involved, mbarec = 1.275 GeV the bare
mass of charm quark and L the orbital angular momentum of the systems. The charm quark mass
Mc = 1.44 GeV is determined by testing the relation (22) against the charmed baryons Σc/Ξ
′
c [37].
In our previous work [41] for the heavy mesons, a trajectory slope ratio π : 2 for the radially and
angular excitations is suggested to apply Eq. (22) to the heavy mesons B/D’s and Bs/Ds’s.
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FIG. 1: (Color online). Regge trajectories of the Ωc baryons relating the shifted spin-averaged mass squared
to the orbital angular momentum L of the systems, with the parameters md=ss = 991MeV and the slope
a = 0.316GeV2 corresponding to our assignment(13).
By analogy of the c(ss) system with Ds = cs¯ mesons, we estimate the 2S-wave mass of the
c(ss) state using Eq. (22) with a replaced by a(π/2) and L by n, the radial quantum number of the
c(ss) system,
M¯(2S ) = Mc +
√
πa(π/2) +
(
md + Mc
(
1 − 1.275
2
M2c
))2
, (23)
where md = 0.991 GeV and the slope parameters a(listed in Table II and III) are solved from (22)
applying to the spin-averaged mass M¯(1S ) and M¯(1P) for a given assignment, and Mc = 1.44 GeV.
Here, the observed lowest masses of the Ωc, M(Ωc, 1/2
+) = 2695.2± 1.7 MeV and M(Ωc, 3/2+) =
2765.9 ± 2.0 MeV[1] lead to their spin-averaged mass M¯(1S ) in S -wave
M¯(Ωc, 1S ) =
1
6
(
2M(1/2+) + 4M(3/2+)
)
= 2742.3 ± 1.9 MeV. (24)
Using the P-wave averaged mass (11) and the weighted mass (24), Eq.(22) gives
Ωc : md = mss = 0.991 GeV, a = 0.316 GeV
2. (25)
Depending on state arrangements having different P-wave(L = 1) averaged mass, the above
values vary slightly. The 2S-wave masses of the c(ss) system estimated via (23) are listed in Table
II and III for given assignments. One find, from Table II, that both of the higher mass states at
3090 MeV and 3119 MeV are too low to be a 2S state candidates since the predicted 2S-wave
mass M¯(2S ) ≥ 3220 MeV, about 100 MeV above the two states. Other masses, including the
predicted masses(in square bracket) at presumably unseen level, are all too low to be the 2S state,
as shown in Table II and III.
For the other assignments searched, no solutions of the predicted unseen states below the 2962
MeV threshold (of Ξ+c K
−) or near degeneracies with other masses are found, up to requirements
(i)-(iii) in Sect. II.
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IV. PREDICTIONS FOR Ωb = b(ss) SYSTEMS
Recent observation of fourΩ−
b
states [3] around 6.3 GeV(Table I) makes it timely to apply mass
analysis of theΩc = c(ss) states to the bottom systems b(ss) which consist of a bottom quark b and
a spin-1 diquark ss. The large mass of the b quark implies that Eqs. (7) should be more accurate
for the P-wave Ω−
b
states. We shall use it to search the possible assignments with the following
input:
(i) The parameter a1 is positive and no more than the maximum gap between the observed
masses : a1 < 2 ∗ (6349.88 − 6315.64) = 68.48 MeV. (ii) The parameter a2 is of same order of
a1 roughly in magnitude, but should be smaller than a1. (iii) The tensor parameter b should be
smaller than a1 in magnitude. (iv) The hyperfine parameter c is set to zero.
With these constraints, the search is performed systematically, assuming one of P-wave states
is unseen experimentally, via matching the observed masses of the Ωb states in Table I with that
in Eqs. (7) for all 4! = 24 a priori possible JP assignments of P-wave states and 5 possible
permutations of the unseen P-wave state that is expected to exist somewhere around 6.3 GeV.
The most preferred result are achieved by the identification of the four masses at
6315.64, 6330.30, 6339.71 and 6349.88 MeV as M(1/2, 0′), M(1/2, 1′), M(3/2, 1′), M(3/2, 2′).
The corresponding parameters are
a1 = 8.98 MeV, a2 = 4.11 MeV, b = 7.61 MeV, M¯ = 6342.0 MeV, (26)
with the tensor parameter a2 and b smaller than a2, which lead to the following J
P assignment, by
Eqs.(7), {
State(JP):
M(Ωb, 1P):
|1/2, 0′〉 |1/2, 1′〉 |3/2, 1′〉 |3/2, 2′〉 |5/2, 2′〉
6315.4, 6332.0 6337.8 6350.0 6351.5Pd
}
. (27)
Here, M(5/2, 2′) = 6351.5 marked by ”Pd” is the mass prediction for the unseen Ωb states that is
missing in Table I, lying very close to M(3/2, 1′) = 6349.88(1.6 MeV above). In terms of the LS
basis, one finds the inner structure of the excited Ωb states to be,
|1/2, 0′〉 = −0.190|2P1/2〉 + 0.982|4P1/2〉, at 6316,
|1/2, 1′〉 = 0.982|2P1/2〉 + 0.190|4P1/2〉, at 6330,
|3/2, 1′〉 = 0.488|2P3/2〉 − 0.873|4P3/2〉, at 6340,
|3/2, 2′〉 = 0.873|2P3/2〉 + 0.488|4P3/2〉, at 6350,
|5/2, 2′〉 = |4P5/2〉 at 6351.5Pd. (28)
which are mainly the P-wave states |4P1/2〉, |2P1/2〉, the mixing of 4P3/2〉 and 2P3/2〉, and |4P5/2〉,
respectively.
The experimental missing of the J = 5/2 state around 6350 MeV is most likely due to its near
degeneracy with that at 6350 MeV. If this is the case, it may be hidden in the observed peak at
6350 MeV, which, though appears consistent with a single resonance, is actually composed of
two. This assignment is in consistent with the recent assignment in Ref. [33], where the unseen
mass ranges from 6355 MeV to 6383 MeV, or from 6380 MeV to 6407 MeV. A more detailed
spin-parity analysis of the LHCb data should test this prediction.
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One of other plausible solutions consists of identification of the four masses at
6315.64, 6330.30, 6339.71 and 6349.88 MeV as |1/2, 0′〉, |3/2, 1′〉,|3/2, 2′〉 and |5/2, 2′〉. This as-
signment gives a parameters and spin-averaged mass(in MeV)
{a1, a2, b} = {7.39, 10.32, 1.93}, M¯ = 6337.4, (29)
where the parameter a2 = 10.32 MeV is larger than a1 = 7.39 MeV, not compatible with the
criteria (ii). Corresponding inner structure is
|1/2, j′ = 0′〉 = −0.161|2P1/2〉 + 0.987|4P1/2〉, at 6316,
|1/2, j′ = 1′〉 = 0.987|2P1/2〉 + 0.161|4P1/2〉, at 6331Pd,
|3/2, j′ = 1′〉 = −0.167|2P3/2〉 + 0.986|4P3/2〉, at 6330,
|3/2, j′ = 2′〉 = 0.986|2P3/2〉 + 0.167|4P3/2〉, at 6340,
|5/2, j′ = 2′〉 = |4P5/2〉, at 6350, (30)
with the unseen mass predicted at 6331 MeV marked by ”Pd”.
The experimental missing, if happen at 6331 MeV marked by ”Pd”, might be due to near
degeneracy with the state |1/2, 1′〉 at 6330. If the state |1/2, 1′〉 is missing indeed, it should be
hidden in the peak around 6330 MeV, composed of two peaks.
There are still two additional possibilities involving identification of the four observedΩb states
at higher j′ = 1′, 2′. The first is to identify the states at 6330, 6316, 6340 and 6350 MeV with
the respective states at M(1/2, 1′), M(3/2, 1′), M(3/2, 2′), M(5/2, 2′), giving the parameter set(in
MeV)
{a1, a2, b} = {10.86, 6.70, − 10.54}, M¯ = 6333.6, (31)
and the mass prediction for the presumably unseen state at M(1/2, 0′) = 6311.5MeV. This lowest
state, if exist, are most likely to be visible. Together with abnormal (not small relatively by the
criteria (iii)) value |b| ≃ 11MeV compared to a1 = 10.86 MeV, we disfavor this assignment.
The second is to interchange two states at 6340 and 6350 MeV in the assignment above, and
leads to the parameter set(in MeV)
{a1, a2, b} = {11.93, − 8.98, − 2.92}, M¯ = 6331.7, (32)
and the five states |1/2, j′ = 0′〉 at 6304.7(prediction), |1/2, j′ = 1′〉 at 6330.3, |3/2, j′ = 1′〉 at
6315.6, |3/2, j′ = 2′〉 at 6349.9 and |5/2, 2′〉 = |4P5/2〉 at 6339.7 MeV. Away(about 10 MeV) from
the observed masses in Table I, the presumed missing state, at M(1/2, 0′) = 6304.7MeV, should
not be hidden in any of the four observed peaks by LHCb. The unacceptable(negative) value of
a2 = −8.98 MeV also disfavors this assignment.
Could it be possible that some higher states of these Ωb peaks are the 2S excitations? To
answer this question, we remove the highest mass 6350 MeV from the four mass inputs in Table I
and carry out the mass analysis via Eq. (7) and Eq. (23) with Mc replaced by Mb = 4.48 GeV (the
charm bare mass 1.275 GeV by that of the bottom quark 4.18 GeV). For the assignments with the
parameters close to the requirements (i)-(iv) the results indicate, generally
M¯(Ωb, 2S ) & 6450 MeV, (33)
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TABLE IV: Parameters and spin-averaged masses(in MeV) for the selected permutations of JP assignments
of the four excited Ωb levels, with predicted mass at unseen level(marked by square bracket). All arrange-
ments leading to highly unreasonable or unacceptable parameters are not listed. The shown includes also
ensuing prediction for the Regge slope a (see text) and spin-averaged css masses in 2S wave. mss = 991
MeV. We denoted the five states |1
2
, 0′〉, |1
2
, 1′〉, |3
2
, 1′〉, |3
2
, 2′〉, |5
2
, 2′〉 by |1〉, |2〉, |3〉, |4〉, |5〉 for short, respec-
tively.
State arrangement
|1〉 |2〉 |3〉 |4〉 |5〉 a1 a2 b a( GeV2) M¯(1P) M¯(2S )
[6212.4] 6316 6329 6340 6350 21.2 26.9 42.4 0.297 6324.2 6463.3
6314 [6331.4] 6330 6341 6350 7.39 10.3 1.93 0.313 6337.4 6482.6
6316 6330 [6321.8] 6340 6350 7.17 13.3 -3.28 0.310 6335.4 6479.7
6316 6331 6338 [6388.1] 6350 12.0 -13.9 24.1 0.328 6350.1 6501.2
6313 6332 6338 6351 [6352.5] 9.4 4.87 8.37 0.318 6342.3 6489.8
[6311.5] 6330 6316 6340 6350 10.9 6.70 −10.5 0.308 6333.6 6477.1
[6304.7] 6330 6316 6350 6340 11.9 -8.98 −2.92 0.306 3331.7 6474.4
that is, the 2S-wave mass of the Ωb baryon is about 100 MeV above the highest mass 6350 MeV.
Here, the ss diquark mass is chosen to be md=ss = 1.001 GeV, determined from Eq. (22) using
spin-averaged mass 6061.4 MeV of the two lowest 1S states, the Ωb(1/2
+) at 6046.1 ± 1.7 MeV
and its Ω∗
b
(3/2+) partner with mass estimated to be 6046.1+ ∆E(Ωb, 1S ), where ∆E(Ωb, 1S ) is the
mass splitting between the two 1S states Ω∗
b
(3/2+) and Ωb(1/2
+). To estimate ∆E(Ωb, 1S ), one
can use the scaling [35] for the mass splitting from the Ωc to the Ωb to find
∆E(Ωb) =
(
Mc
Mb
)
∆E(Ωc)
=
(
1.44
4.48
)
(71 MeV)
≃ 23 MeV.
This yields the spin-averaged mass of two lowest Ωb(1S ) states as required:
M¯(Ωb, 1S ) =
1
6
[6046.1 × 2 + (6046.1 + 23) × 4]
= 6061.4 MeV.
The above mass analysis via Eqs. (7) and (23), including analysis for the other permutations
of three mass inputs which is not listed in Table IV, support the relation (33), for the assignments
with the parameters close to the requirements (i)-(iv). This disfavors the 2S state assignment for
some of four observed Ωb states, as the 2S state is too high in levels to accommodate for the Ωb
states in Table I.
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V. CONCLUSIONS AND DISCUSSIONS
The new and expectative discovery of four narrow excitedΩ−
b
states by the LHCb Collaboration
is quite exciting three years after the first observation of the five excited Ωc states in 2017, despite
that the peaks for the formers have local significance lower than the five excitedΩc states. It is per-
plex that four extremely states, rather than five like the excited Ωc states, are seen experimentally
for the excited Ω−
b
states.
In this work, we have proposed a new scheme of state classification, named the J − LS mixing
coupling, to go beyond the commonly-used j j coupling and interpret the five Ωc and four Ωb
excited states reported by LHCb to be the relative P-wave excitations between spin-1 ss diquark
and the heavy quark, charm c quark for the Ωc and bottom quark b for the Ωb, respectively. For
the five Ωc’s, our interpretation assigns their masses 3000, 3050, 3066, 3090 and 3119 MeV to
have total spin J of monotonically increasing, with their inner structure given explicitly. The
possibilities that some of higher states are instead a 2S state is disfavored as the 2S candidates is
too high in mass to accommodate the observed five Ωc states.
For the five newly LHCb-reported Ωb’s, similar analysis prefers the state at 6316 as well as
6330 to have spin-parities JP = 1/2−, and the states at 6350 and 6350 to have JP = 3/2−. One
unseen state with JP = 5/2− , probably missing experimentally, is expected to exist at about 6352
MeV. This is in consistent with the recent assignment in Ref. [33] with slightly larger mass for
the unseen JP = 5/2− state. We await further spin-parity analysis of the LHCb data to find the
expected 5/2− states of the Ωb around 6352 MeV.
Due to involved dynamics of heavy quark and strange quarks(see Refs. [5, 34] for instance),
our argument in this work for relative magnitudes of the spin coupling parameters a1, a2, b and c is
quite qualitative, with much corrections unknown. These corrections may stem from many unique
aspects of the doubly strange heavy baryons, which is unknown. Our proposal, of the J − LS
mixing coupling, is of helpful in that it goes beyond the HQS in classifying the hadron states and
gives an generic and analytic connection between these intangible parameters of spin-interactions
and the measured P-wave mass splittings for the doubly strange baryons. In the heavy quark limit,
the mass splitting formula (7) via the Jls mixing coupling reduces to its known linear form in
terms of the j j coupling.
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Appendix A
For a heavy quark-diquark system Qd, the bases of the mixing J-LS coupling are the eigen-
functions of the mass operator Hmix = L · Sd + ǫL · SQ + b1S 12, with b1 ≡ b/a1. They can be
obtained by diagonalizing Hmix, that is, diagonalizing the 2 × 2 matrices in Eqs. (4)-(5) separately
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in the subspaces of J = 1/2, J = 3/2. When J = 1/2, the matrix
HJ=1/2 =

1
3
(ǫ − 4)
√
2
3
(ǫ − 1) + b1√
2√
2
3
(ǫ − 1) + b1√
2
−5
3
(1 + ǫ
2
) − b1
 (A1)
can be diagonalized to
M1/2 =
[
(−6 − 2b1 − ǫ −
√
d1)/4 0
0 (−6 − 2b1 − ǫ +
√
d1)/4
]
,
with d1 = 4(1− ǫ)− 8b1 + 12b21 + 20b1ǫ + 9ǫ2, with normalized matrix of the eigenstates {v1, v2} =
V1/2,
v1 =
{
2 + 6b1 + 7ǫ − 3
√
d1
2
√
2(−2 + 3b1 + 2ǫ)
, 1
}
,
v2 =
{
2 + 6b1 + 7ǫ + 3
√
d1
2
√
2(−2 + 3b1 + 2ǫ)
, 1
}
. (34)
Then, the mass shifts ∆M/a1 in J = 1/2 subspace are given by the diagonal elements of M1/2+
V1/2.(c1Mc).V
T
1/2
with
Mc =
[ −1 0
0 1
2
]
,
which are in component
∆M(1/2, 0′)/a1 = −3
2
− 1
2
b1 − 1
4
ǫ − 1
4
√
∆1(ǫ, b1) + c1∆
+
3 ,
∆M(1/2, 1′)/a1 = −
3
2
− 1
2
b1 −
1
4
ǫ +
1
4
√
∆1(ǫ, b1) + c1∆
−
3 , (35)
with the functions ∆1(ǫ, x),∆
±
3 (ǫ, x) defined in Eqs. (8) and (9).
In J = 3/2 subspace, the diagonalization of HJ=3/2 leads to the following matrix
M3/2 =
[
(8b1 − 5ǫ −
√
d2)/20 0
0 (8b1 − 5ǫ +
√
d2)/20
]
where d2 = 400(1 − ǫ) − 80b1 + 84b21 − 160b1ǫ + 225ǫ2, with two eigenstates v3 and v4 given by
v3 =
{−40 + 24b1 − 5ǫ + 3√d2
2
√
5(10 + 3b1 − 10ǫ)
, 1
}
,
v4 =
{−40 + 24b1 − 5ǫ − 3√d2
2
√
5(10 + 3b1 − 10ǫ)
, 1
}
.
A simple calculations for the diagonal elements of M3/2+ V3/2.(c1Hc).V
T
3/2
, with the matrix
{v3, v4} = V3/2, gives
∆M(3/2, 1′)/a1 =
2
5
b1 −
1
4
ǫ −
√
∆2(ǫ, b1) + c1∆
+
4 ,
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∆M(3/2, 2′)/a1 =
2
5
b1 − 1
4
ǫ +
√
∆2(ǫ, b1) + c1∆
−
4 , (36)
with the functions ∆2(ǫ, x) and ∆
±
4
(ǫ, x) defined in Eqs. (8) and (10). In J = 5/2 subspace, ∆M/a1
is simply ∆M(5/2, 2′)/a1 = 1−b1/5+ ǫ/2+ c1/2. This, combined with Eq. (A3) and (A4), proves
Eqs.(7).
Appendix B
The coefficients of Eq. (14) form normalized vectors of the eigenstates of the operator Hmix. In
the subspaces of J = 1/2, Hmix becomes the matrix HJ=1/2 in Eq. (A1) with the eigenstates given
in Eq. (A2), which are evaluated to be v1 = {−0.208, 1} and v2 = {4.804, 1}. Upon normalization,
the eigenstates give rise to the coefficients in the first and second lines of Eq. (14).
In the J = 3/2 subspaces, Hmix becomes the matrix MJ=3/2 with the eigenstates given by v3 =
{−0.369, 1} and v4 = {2.709, 1}. Upon normalization, two eigenstates give the coefficients in the
third and fourth lines of Eq. (14).
To write the mixing bases |J, j′〉 in terms of the j j bases |J, j〉, one writes firstly the P-wave
|J, j〉 in terms of the L − S eigenstates |12S+1PJ〉, as given in Eq.(15). Its inverse is
|12P1/2〉 =
√
1
3
|1/2, j = 0〉 +
√
2
3
|1/2, j = 1〉,
|14P1/2〉 =
√
2
3
|1/2, j = 0〉 −
√
1
3
|1/2, j = 1〉. (37)
Putting it into the first two lines of Eq. (14) gives the first and second lines of Eq.(16). The
third and fourth lines of Eq.(16) can be obtained by putting the inverse of
|J = 3/2, j = 1〉 =
√
1
6
|12P3/2〉 +
√
5
6
|14P3/2〉,
|J = 3/2, j = 2〉 =
√
5
6
|12P3/2〉 −
√
1
6
|14P3/2〉, (38)
into the third and fourth lines of Eq. (14). Here, the inverse of Eq. (B2) has the same form with
itself:
|12P3/2〉 =
√
1
6
|3/2, j = 1〉 +
√
5
6
|3/2, j = 2〉,
|14P3/2〉 =
√
5
6
|3/2, j = 1〉 −
√
1
6
|3/2, j = 2〉. (39)
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